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1 Introduction
For the readers’ convenience, we give some notations used in this paper. Let Z ⊆ Γ be an
additive subgroup of C and s ∈ C such that 2s ∈ Γ. For simplicity, let Ω be an additive
subgroup of C generated by Γ ∪ {s}. Denote by C, C∗, Z, Z+, Γ
∗, Ω∗ the sets of complex
numbers, nonzero complex numbers, integers, nonnegative integers, nonzero elements of Γ,
nonzero elements of Ω, respectively. We assume that all vector spaces are based on C, unless
otherwise stated. For convenience, the degree of x or φ is denoted by |x| or |φ|. In addition,
x is always assumed to be homogeneous when |x| occurs. Let L be a Lie superalgebra, and
denote by hg(L) the set of all homogeneous elements of L.
Lie superalgebras as generalizations of Lie algebras were originated from supersymmetry
in mathematical physics. The theory of Lie superalgebras plays a prominent role in modern
mathematics and physics. In recent years, structures of all kinds of Lie superalgebras have
aroused many scholars’ great interests (see, e.g., [2, 7, 9, 18]). In this paper, we shall inves-
tigate the structure theory of a class of not-finitely graded Lie superalgebras related to the
generalized super-Virasoro algebras (namely, derivations, automorphisms, 2-cocycles).
Recently, some researchers have studied structures of some Lie algebras related to the
Virasoro algebra (see, e.g., [1–3, 10, 15, 16, 19]). The (generalized) super-Virasoro algebra is
closely related to the conformal field theory and the string theory. It plays a very important
role in mathematics and physics. The structure and representation theories of (generalized)
super-Virasoro algebra have been extensively undertaken by many authors (see, e.g., [2,9,11–
14,17,20,21]). The generalized super-Virasoro algebra SV ir[Γ, s] is a Lie superalgebra whose
even part SV0¯ has a basis {Lα, C | α ∈ Γ} and odd part SV1¯ has a basis {Gµ | µ ∈ Γ + s},
∗Supported by the National Natural Science Foundation of China (No. 11431010, 11371278).
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equipped with the following Lie super-brackets:
[Lα, Lβ] = (β − α)Lα+β +
α3 − α
12
δα+β,0C, (1.1)
[Lα, Gµ] = (µ−
α
2
)Gα+µ, (1.2)
[Gµ, Gν ] = 2Lµ+ν +
1
3
(µ2 −
1
4
)δµ+ν,0C, (1.3)
[SV, C] = 0, (1.4)
where α, β ∈ Γ, µ, ν ∈ s+ Γ. If Γ = Z, then SV ir[Z, s](s = 0 or 1
2
) is the super-Virasoro
algebra. Obviously, SV ir[Γ, s] is a generalization of the super-Virasoro algebra. Its theories
contain the results of the classical super-Virasoro algebra.
In the present work, we will consider the following Lie superalgebra, called not-finitely
graded generalized super-Virasoro algebra SV [Γ, s], which has a basis {Lα,i, Gµ,j |α ∈ Γ, µ ∈
s + Γ, i, j ∈ Z+}, and satisfies the following relations:
[Lα,i, Lβ,j] = (β − α)Lα+β,i+j + (j − i)Lα+β,i+j−1, (1.5)
[Lα,i, Gµ,j] = (µ−
α
2
)Gα+µ,i+j + (j −
i
2
)Gα+µ,i+j−1, (1.6)
[Gµ,i, Gν,j] = 2Lµ+ν,i+j , (1.7)
where α, β ∈ Γ, µ, ν ∈ s+ Γ, i, j ∈ Z+. We simply denote SV = SV [Γ, s] . It is obvious
that the center of SV is trival. The Lie algebra W with basis {Lα,i |α ∈ Γ, i ∈ Z+} and
relations (1.5), is the generalized Witt algebraW =W (0, 1, 0; Γ) of Witt type studied in [16].
Furthermore, the superalgebra SV contains the centerless generalized super-Virasoro algebra
as its subalgebra.
If an undefined notation appears in an expression, we treat it as zero. For example,
Lα = 0, Gµ = 0 if α /∈ Γ, µ /∈ s+ Γ. The Lie superalgebra SV is Ω-graded
SV = ⊕
α∈Ω
SVα, SVα = span{Lα,i, Gα,i | i ∈ Z+} for α ∈ Ω.
Obviously, SV = SV0 ⊕ SV1 is Z2-graded, where
SV0 = span{Lα,i | α ∈ Ω, i ∈ Z+}, SV1 = span{Gµ,i | µ ∈ Ω, i ∈ Z+}.
Because Ω may not be finitely generated (as a group), SV may not be finitely generated as
a Lie superalgebra. Hence, some classical techniques (such as those in [5]) cannot be directly
applied to this case. We must use some new techniques in order to deal with problems
associated with not-finitely generated Lie superalgebras. In addition, in [1, 4] some authors
studied some structures of not-finitely graded Lie algebras. Thus, some methods about those
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Lie algebras can be applied in this case. However, it seems to us that little has been known
about not-finitely graded aspect of Lie superalgebras. It may be useful and meaningful
for promoting the development of not-finitely graded Lie superalgebras. This is the main
motivation of this article.
The present paper is organized as follows. In Section 2, we review the basic notions
about Lie superalgebras. In Section 3 and Section 4, we determine the derivations and
automorphism groups of SV , respectively. Finally, the second cohomology groups of SV are
obtained in Section 5. The main results of this paper are summarized in Theorems 3.6, 4.2
and 5.3.
2 Preliminaries
In this section, we shall summarize some basic concepts about Lie superalgebras in [8, 11].
Definition 2.1. A Lie superalgebra is a superalgebra L = L0¯ ⊕ L1¯ with multiplication [·, ·]
satisfying the following two axioms:
skew super − symmetry : [x, y] = −(−1)|x||y|[y, x],
super Jacobi identity : [x, [y, z]] = [[x, y], z] + (−1)|x||y|[y, [x, z]],
(2.1)
for any x, y ∈ hg(L), z ∈ L.
Let L be a Lie superalgebra, then the space gc(L) consisting of all the linear transfor-
mations on L has a natural Z2-gradation: gc(L) = gc(L)0 ⊕ gc(L)1, where gc(L)α = {f ∈
gc(L) | f(Lβ) ⊆ Lα+β, for any β ∈ Z2}, for any α ∈ Z2. Now we give the definition of
derivations.
Definition 2.2. A derivation of homogenous α ∈ Z2 of L is an C-linear transformation
D ∈ gc(L)α such that
D([x, y]) = [D(x), y] + (−1)|D||x|[x,D(y)],
for any x, y ∈ hg(L).
Denote by DerαL the set of all derivations of homogenous α of L. Then denote by
DerL = Der 0¯L ⊕ Der 1¯L the derivation algebra of L. A derivation D ∈ Der(L) is called
inner if there exists an element z ∈ L such that D = adz, where adz is a linear map of L
sending y to [z, y] for any y ∈ L. Denote by adL the set of all inner derivations of L.
Definition 2.3. A bilinear form ψ : L× L→ C is called a 2-cocycle on L if ψ satisfies the
following conditions:
skew super − symmetry : ψ(x, y) = −(−1)|x||y|ψ(y, x),
super Jacobi identity : ψ(x, [y, z]) = ψ([x, y], z) + (−1)|x||y|ψ(y, [x, z]),
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for any x, y ∈ hg(L), z ∈ L.
Definition 2.4. For any linear map f : L → C, we define a 2-cocycle ψf in the following
way:
ψf (x, y) = f([x, y]),
for any x, y ∈ L. We call it a 2-coboundary of L.
Denote by C2(L,C), B2(L,C) the vector spaces of all 2-cocycles, 2-coboundaries of L
respectively. The quotient space H2(L,C) = C2(L,C)/B2(L,C) is called the 2-cohomology
group of L.
3 Derivations of SV
In this section, we shall determine the derivations of SV .
Denote by HomZ(Ω,C) the space of group homomorphisms from Ω to C. For each
φ ∈ HomZ(Ω,C), we define (cφ)(γ) = cφ(γ) for any r ∈ Ω, c ∈ C. Furthermore, we define a
derivation Dφ as follows:
Dφ(Lα,i) = φ(α)Lα,i, Dφ(Gα,i) = φ(α)Gα,i for α ∈ Ω, i ∈ Z+. (3.1)
Denote by HomZ(Ω,C) the corresponding subspace of DerSV . In particular, since φ0 : α 7→ α
is in HomZ(Ω,C), we obtain this special derivation
D0 = Dφ0 : Lα,i 7→ αLα,i, Gα,i 7→ αGα,i for α ∈ Ω, i ∈ Z+. (3.2)
Lemma 3.1. For every D ∈ SV , we assume
D =
∑
γ∈Ω
Dγ, Dγ ∈ (DerSV)γ (3.3)
such that only finitely many Dγ(x) 6= 0 for every x ∈ SV (such a sum in (3.3) is called
summable).
Proof For every D ∈ DerSV , we suppose D(xα) =
∑
β∈Ω
yβ, where xα ∈ SVα. Define
Dγ(xα) = yα+γ. Thus, Dγ is a derivation of SV . 
Lemma 3.2. For any D ∈ DerSV , replacing D with D − ady for some y ∈ SV , we get
D(L0,0) = 0.
Proof Assume D(L0,0)=
∑
α,j(a
1
α,jLα,j + a
2
α,jGα,j) ∈ SV for a
∆
α,j ∈ C, where ∆ = 1, 2. For
any α ∈ Ω, we define b1α,j , b
2
α,j ∈ C inductively on j ≥ 0 by
b∆α,j =
{
j−1(−a∆α,j−1 − αb
∆
α,j−1), if j ≥ 1,
0, if j = 0,
(3.4)
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where ∆ = 1, 2.
Choosing y =
∑
α,j(b
1
α,jLα,j + b
2
α,jGα,j) ∈ SV , it follows that
D(L0,0)− ady(L0,0) = 0. (3.5)

Lemma 3.3. If γ ∈ Ω∗, D ∈ (DerSV)γ and D(L0,0) = 0, then D = 0.
Proof Applying D to [L0,0, Lα,0] = αLα,0 with α ∈ Ω
∗, then we get
[L0,0, D(Lα,0)] = αD(Lα,0). (3.6)
Suppose D(Lα,0) =
∑
j∈Z+
(c1jLα+γ,j + c
2
jGα+γ,j) for c
1
j , c
2
j ∈ C, then we obtain
γc∆j = −(j + 1)c
∆
j+1, (3.7)
for any j ≥ 0, where ∆ = 1, 2. Thus, D(Lα,0) = 0 for any α ∈ Ω.
Applying D to [L0,0, L0,1] = L0,0, then we obtain
[L0,0, D(L0,1)] = D(L0,0) = 0. (3.8)
Suppose thatD(L0,1) =
∑
j∈Z+
(A1jLr,j+A
2
jGr,j), where A
1
j , A
2
j ∈ C, then rA
∆
j = −(j+1)A
∆
j+1
for any j ≥ 0, where ∆ = 1, 2. Hence, D(L0,1) = 0. Now applying D to [L0,0, Gα,0] = αGα,0,
then it shows
[L0,0, D(Gα,0)] = αD(Gα,0). (3.9)
Similar to compute D(Lα,0), we deduce that D(Gα,0) = 0 for any α ∈ Ω.
Since SV can be generated by {Lα,0, L0,1, Gα,0 | α ∈ Ω}, it forces at once that D = 0. 
Lemma 3.4. Suppose D ∈ (Der0 SV)0, D(L0,0) = 0, then D(Lα,0) = dαLα,0, D(Gα,0) =
dαGα,0, where dα ∈ HomZ(Ω,C), α ∈ Ω.
Proof Now for any D ∈ (Der0 SV)0, we assume D(Lα,0) =
∑
α,j dα,jLα,j , D(Gα,0) =∑
α,j eα,jGα,j , where dα,j , eα,j ∈ C. Applying D to [L0,0, Lα,0] = αLα,0 and [L0,0, Gα,0] =
αGα,0, then we have dα,j = eα,j = 0 for any j ≥ 1. Simply denote dα,0, eα,0 by dα, eα,
respectively. Hence, D(Lα,0) = dαLα,0, D(Gα,0) = eαGα,0 for any α ∈ Ω. By applying D to
[Lα,0, Lβ,0] = (β − α)Lα+β,0, it has
dα + dβ = dα+β for α 6= β. (3.10)
Furthermore, we obtain that the map Φ : α 7−→ dα is an element in HomZ(Ω,C). There-
fore, dα ∈ HomZ(Ω,C).
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By using the following three equations


[Lα,0, Gβ,0] = (β −
α
2
)Gα+β,0,
[Gα,0, Lβ,0] = (
β
2
− α)Gα+β,0,
[Gα,0, Gβ,0] = 2Lα+β,0,
(3.11)
we can conclude that 

dα + eβ = eα+β for α 6= 2β,
eα + dβ = eα+β for β 6= 2α,
eα + eβ = dα+β.
(3.12)
Then, we get eα = dα for any α ∈ Ω.
Thus, D(Lα,0) = dαLα,0, D(Gα,0) = dαGα,0 for any α ∈ Ω. 
Lemma 3.5. If D(L0,0) = 0, then
(DerSV)0 = (adSV)0 ⊕ HomZ(Ω,C). (3.13)
Proof For any D ∈ (Der0 SV)0, replacing D
′ by D −Dφ (cf. (3.1)), then we assume dα = 0
for any α ∈ Ω, thus we get D′(Lα,0) = D
′(Gα,0) = 0.
Now assume D′(Lα,i) =
∑
j∈Z+
f iα,jLα,j, where f
i
α,j ∈ C, i ∈ Z+. Applying D
′ to
[L0,0, Lα,1] = αLα,1 + Lα,0, we see f
1
α,j = 0 for any j ≥ 1. Thus, D
′(Lα,1) = f
1
α,0Lα,0 for
some f 1α,0 ∈ C. Similarly, applying D
′ to [L0,0, Lα,2] = αLα,2 + 2Lα,1, we obtain
D′(Lα,2) = f
2
α,0Lα,0 + 2f
1
α,0Lα,1.
In view of [L0,1, Lα,1] = αLα,2, it follows
{
αf 10,0 = αf
1
α,0,
f 10,0 − f
1
α,0 = αf
2
α,0.
(3.14)
Thus, f 1α,0 = f
1
0,0, f
2
α,0 = 0 for α 6= 0. Furthermore, according to [L−α,1, Lα,1] = 2αL0,2, we
get f 20,0 = 0. Hence,
D′(Lα,1) = f
1
0,0Lα,0, D
′(Lα,2) = 2f
1
0,0Lα,1.
Induction on i, and use the relations of W , then we obtain
D′(Lα,i) = if
1
0,0Lα,i−1 for α ∈ Ω, i ∈ Z+.
Applying D′ to [G0,0, Gα,i] = 2Lα,i, we have
D′(Gα,i) = if
1
0,0Gα,i for α ∈ Ω, i ∈ Z+.
6
If we replace y (cf. (3.5)) by y + f 10,0L0,0, denote D
′ + f 10,0D0 (cf. (3.2)), then D
′(Lα,i) =
D′(Gα,i) = 0 for α ∈ Ω, i ∈ Z+.
Obviously, (DerSV)0 = (Der0 SV)0 ⊕ (Der1 SV)0.
Next for anyD ∈ (Der1 SV)0, we supposeD(Lα,i) =
∑
j∈Z+
xiα,jGα,j, D(Gα,i) =
∑
j∈Z+
yiα,jLα,j ,
where xiα,j , y
i
α,j ∈ C. Using the following two equalities, [L0,0, Lα,0] = αLα,0 and [L0,0, Gα,0] =
αGα,0, then we get D(Lα,0) = xαGα,0, D(Gα,0) = yαLα,0, where xα = x
0
α,0, yα = y
0
α,0. Fur-
thermore, using the relations of SV , we obtain
D(Lα,i) = D(Gα,i) = 0 for any α ∈ Ω, i ∈ Z+.

The following theorem can be concluded by Lemmas 3.1-3.5 immediately, which is the
main result of this section.
Theorem 3.6.
DerSV = ⊕
γ∈Ω
(DerSV)γ = adSV ⊕HomZ(Ω,C), (3.15)
where (DerSV)γ ⊂ adSV , if γ ∈ Ω
∗, and (DerSV)0 = (adSV)0 ⊕ HomZ(Ω,C).
4 Automorphism groups of SV
The aim of this section is to characterize the automorphism groups of SV .
Denote by AutW , AutSV the automorphism group of W , SV , respectively. Let χ(Ω)
be the set of characters of Ω, i.e., the set of group homomorphisms τ : Ω → C∗. Set
ΩC
∗
= {c ∈ C∗ | cΩ = Ω}. A group structure on χ(Ω)× ΩC
∗
can be defined by
(τ1, c1) · (τ2, c2) = (τ, c1c2), where τ : α 7→ τ1(c2α)τ2(α) for α ∈ Ω. (4.1)
Clearly, we kown that χ(Ω)×ΩC
∗
is just the semidirect product χ(Ω)⋊ΩC
∗
under the action
given by (cτ)(α) = τ(cα) for all c ∈ ΩC
∗
, τ ∈ χ(Ω), α ∈ Ω.
Define a group homomorphism φ : (τ, c) 7→ φτ,c from χ(Γ)× Γ
C∗ to AutW such that φτ,c
is the automorphism of W by
φτ,c : Lα,i 7→ τ(α)c
i−1Lcα,i,
where α ∈ Γ, i ∈ Z+. We also define a group homomorphism φ : τ, c 7→ φτ,c from χ(Ω)×Ω
C∗
to AutSV such that φτ,c is the automorphism of SV by
φτ,c : Lα,i 7→ τ(α)c
i−1Lcα,i,
φτ,c : Gα,i 7→ τ(α)c
i− 1
2Gcα,i,
where α ∈ Ω, i ∈ Z+.
According to [4], we get the following lemma.
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Lemma 4.1. AutW ∼= χ(Γ)× ΓC
∗
.
Theorem 4.2. AutSV ∼= χ(Ω)× ΩC
∗
× Z2.
Proof Assume σ ∈ AutSV , x ∈ SV 0¯, we assume σ(x) = y + z, where y ∈ SV 0¯, z ∈ SV 1¯.
σ([x, x]) = [σ(x), σ(x)] = [z, z] = 0, then z = 0. Thus, we have σ(Lα,i) = τ(α)c
i−1Lcα,i for
any α ∈ Ω, i ∈ Z+.
Obviously, σ(L0,0) = c
−1L0,0. Assume σ(Gα,i) = Σβ,j(A
α,i
β,jLβ,j+B
α,i
β,jGβ,j), where A
α,i
β,j , B
α,i
β,j ∈
C. Applying σ to [L0,0, Gα,0] = αGα,0, then [c
−1L0,0,Σβ,j(A
α,0
β,jLβ,j+B
α,0
β,jGβ,j)] = αΣβ,j(A
α,0
β,jLβ,j+
Bα,0β,jGβ,j). Comparing the coefficients of Lβ,j and Gβ,j, thus, β = cα, A
α,0
cα,j+1 = B
α,0
cα,j+1 = 0
for j ∈ Z+. A
α,0
β,j = B
α,0
β,j = 0 for β 6= cα, j ∈ Z+. Hence, σ(Gα,0) = AαLcα,0+BαGcα,0, where
Aα = A
α,0
cα,0, Bα = B
α,0
cα,0.
Next we apply σ to [Lα,0, G0,0] = −
1
2
αGα,0, then{
αAα = 2ατ(α)A0,
αBα = ατ(α)B0.
(4.2)
whence, Aα = 2τ(α)A0, for α ∈ Ω
∗ and Bα = τ(α)B0 for α ∈ Ω.
Using the equality [G0,0, Gα,0] = 2Lα,0, we have{
cαA20 +B
2
0 = c
−1,
αA0B0 = 0.
(4.3)
Thus, A0 = 0, B0 = ∇c
− 1
2 , where ∇ = 1 or −1.
Hence, σ(Gα,0) = ∇c
− 1
2 τ(α)Gcα,0 for α ∈ Ω.
Applying σ to [G0,0, Gα,i] = 2Lα,i, then σ(Gα,i) = A
α,i
0,0L0,0 + ∇c
i− 1
2 τ(α)Gcα,i for any
α ∈ Ω, i ∈ Z+. Thanks to [L0,0, Gα,i] = αGα,i + iGα,i−1, then we get A
α,i
0,0 = 0 for any
α ∈ Ω, i ∈ Z+.
Finally, σ(Lα,i) = c
i−1τ(α)Lcα,i, σ(Gα,i) = ∇c
i− 1
2 τ(α)Gcα,i, where α ∈ Ω, i ∈ Z+, ∇ = 1
or −1.
We have completed the proof. 
5 Second cohomology groups of SV
Let ψ ∈ C2(SV ,C), we define a linear function f : SV → C such that f(Lα,i) and f(Gα,i)
are given inductively on i as follows
f(Lα,i) =


1
i+1
ψ(L0,0, L0,i+1), if α = 0,
1
α
(
ψ(L0,0, Lα,i)− if(Lα,i−1)
)
, if α 6= 0.
(5.1)
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f(Gα,i) =


2
2i−1
ψ(L0,1, G0,i), if α = 0,
1
α
(
ψ(L0,0, Gα,i)− if(Gα,i−1)
)
, if α 6= 0.
(5.2)
Set φ = ψ − ψf . According to [16], we obtain the following formula:
φ(Lα,i, Lβ,j) = 0, (5.3)
for any α, β ∈ Ω, i, j ∈ Z+.
Proposition 5.1. We have
φ(Lα,i, Gβ,j) = 0, (5.4)
for any α, β ∈ Ω, i, j ∈ Z+.
Proof Firstly, we have
φ(L0,0, Gβ,j) = ψ(L0,0, Gβ,j)−f([L0,0, Gβ,j])=0 for β 6= 0. (5.5)
One has
φ(L0,0, G0,0) = 2φ(L0,0, [L0,1, G0,0])
= 2(φ(L0,0, G0,0) + φ(L0,1, 0))
= 2φ(L0,0, G0,0).
It is clear that φ(L0,0, G0,0) = 0.
Furthermore, for any j ≥ 1, we obtain
φ(L0,0, G0,j) = ψ(L0,0, G0,j)− jf(G0,j−1)
= ψ(L0,0, G0,j)−
2j
2j − 3
ψ(L0,1, G0,j−1)
= ψ(L0,0, G0,j)−
2
2j − 3
ψ(L0,1, [L0,0, G0,j])
= ψ(L0,0, G0,j)−
2
2j − 3
(−ψ(L0,0, G0,j) +
2j − 1
2
ψ(L0,0, G0,j))
= 0.
Thus,
φ(L0,0, Gβ,j) = 0 for β ∈ Ω, j ∈ Z+. (5.6)
For α+ β 6= 0, it shows
φ(Lα,0, Gβ,0) = ψ(Lα,0, Gβ,0)− (β −
α
2
)f(Gα+β,0)
= ψ(Lα,0, Gβ,0)−
2β − α
2(α + β)
ψ(L0,0, Gα+β,0)
= ψ(Lα,0, Gβ,0)−
1
α + β
ψ(L0,0, [Lα,0, Gβ,0])
= 0.
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By induction on i+ j for α+ β 6= 0, suppose φ(Lα,i−1, Gβ,j) = φ(Lα,i, Gβ,j−1) = 0. Applying
the Jacobi identity on (L0,0, Lα,i, Gβ,j), we have
0 = φ(L0,0, [Lα,i, Gβ,j])
= φ([L0,0, Lα,i], Gβ,j) + φ(Lα,i, [L0,0, Gβ,j])
= (α + β)φ(Lα,i, Gβ,j).
Hence, we suppose
φ(Lα,i, Gβ,j) = δα+β,0φ(Lα,i, G−α,j) for α, β ∈ Ω, i, j ∈ Z+. (5.7)
Next we shall compute φ(Lα,i, G−α,j). It follows that
0 = φ(L0,0, [Lα,0, G−α,j])
= φ([L0,0, Lα,0], G−α,j) + φ([G−α,j, L0,0], Lα,0)
= αφ(Lα,0, G−α,j)− αφ(Lα,0, G−α,j) + jφ(Lα,0, G−α,j−1)
= jφ(Lα,0, G−α,j−1).
Thus, φ(Lα,0, G−α,j) = 0 for α ∈ Ω, j ∈ Z+.
Induction on i, suppose φ(Lα,i−1, G−α,j) = 0, then
0 = φ(L0,0, [Lα,i, G−α,j])
= φ([L0,0, Lα,i], G−α,j) + φ([G−α,j , L0,0], Lα,i)
= αφ(Lα,i, G−α,i) + iφ(Lα,i−1, G−α,j)− αφ(Lα,i, G−α,j) + jφ(Lα,i, G−α,j−1)
= jφ(Lα,i, G−α,j−1).
Thus, φ(Lα,i, G−α,j) = 0 for any i, j ∈ Z+, α ∈ Ω. This implies that φ(Lα,i, Gβ,j) = 0 for
α, β ∈ Ω, j ∈ Z+. 
Proposition 5.2. We have
φ(Gα,i, Gβ,j) = 0, (5.8)
for any α, β ∈ Ω, i, j ∈ Z+.
Proof According to the equation (5.3), we deduce that φ(L0,0, Lα,i) = 0 for any α ∈ Ω,
i ∈ Z+.
We also obtain that
0 = φ(L0,0, 2Lα+β,0)
= φ(L0,0, [Gα,0, Gβ,0])
= (α + β)φ(Gα,0, Gβ,0).
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It turns out that φ(Gα,0, Gβ,0) = 0 for α + β 6= 0. Induction on i + j, suppose
φ(Gα,i−1, Gβ,j) = φ(Gα,i, Gβ,j−1) = 0. Then we get
0 = φ(L0,0, 2Lα+β,i+j)
= φ(L0,0, [Gα,i, Gβ,j])
= (α + β)φ(Gα,i, Gβ,j) + jφ(Gα,i, Gβ,j−1) + iφ(Gα,i−1, Gβ,j)
= (α + β)φ(Gα,i, Gβ,j).
Therefore, φ(Gα,i, Gβ,j) = 0 for α + β 6= 0. So in the following, we shall only be concerned
with the case α + β = 0.
If j ∈ Z+, then
φ(G0,0, G0,j) =
1
j + 1
φ(G0,0, [L0,0, G0,j+1])
=
1
j + 1
(φ([G0,0, L0,0], G0,j+1) + φ(L0,0, [G0,0, G0,j+1]))
=
1
j + 1
φ(L0,0, 2L0,j+1).
= 0.
Induction on i, suppose φ(G0,i−1, G0,j) = 0 for any j ∈ Z+, then
0 = φ(L0,0, 2L0,i+j)
= φ(L0,0, [G0,i, G0,j])
= φ([L0,0, G0,i], G0,j) + φ(G0,i, [L0,0, G0,j])
= iφ(G0,i−1, G0,j) + jφ(G0,i, G0,j−1)
= jφ(G0,i, G0,j−1).
Thus, φ(G0,i, G0,j) = 0 for any i, j ∈ Z+. Furthermore, it follows that
0 = φ(L0,0, 2L0,i)
= φ(L0,0, [Gα,i, G−α,0])
= iφ(Gα,i−1, G−α,0).
Hence, φ(Gα,i, G−α,0) = 0 for any i ∈ Z+.
Applying the Jacobi identity on (L0,0, Gα,i, G−α,j), then we get
0 = 2φ(L0,0, L0,i+j)
= φ(L0,0, [Gα,i, G−α,j])
= iφ(Gα,i−1, G−α,j) + jφ(Gα,i, G−α,j−1).
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Induction on j, we also obtain φ(Gα,i, G−α,j) = 0.
By previous computations, it will suffice to show the result. 
Now we get the main result of this section.
Theorem 5.3. The second cohomology group of SV is trivial, i.e.
C2(SV ,C) = B2(SV ,C). (5.9)
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